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ABSTRACT

This paper presented a comprehensive comparative study of various negative binomial regression models
using simulation techniques. Negative binomial regression models are widely employed in statistical
analyses, particularly in situations involving count data with over dispersion. Zero amplified binomial
distribution regressions are considered as important regressions because they have many applications for
many experiments. The research aims to compare the two estimation methods (moments Estimation method,
Maximum likelihood Estimation method and shrinkage estimation method) for zero inflation for a binomial
distribution through a number of experiments with deference (random sample size, value of the distribution
parameters and the estimation method). Our findings aim to provide practitioners and researchers with
valuable insights into the strengths and limitations of different negative binomial regression models. By
understanding the relative performance of these models through simulation studies.

Keywords: Negative Binomial Regression; Estimation Method; Binomial Distribution.
RESUMEN

Este articulo presentd un estudio comparativo exhaustivo de varios modelos de regresion binomial negativa
utilizando técnicas de simulacion. Los modelos de regresion binomial negativa se emplearon ampliamente
en los analisis estadisticos, particularmente en datos de recuento con sobredispersion. Las regresiones de
distribucion binomial amplificadas a cero se consideraron regresiones importantes porque tenian muchas
aplicaciones para muchos experimentos. La investigacion tuvo como objetivo comparar los dos métodos de
estimacion (método de estimacion de momentos, método de estimacion de maxima verosimilitud y método
de estimacion de contraccion) para inflacion cero para una distribucion binomial a través de una serie
de experimentos con deferencia (tamano de muestra aleatorio, valor de los parametros de distribucion
y estimacion). método). Nuestros hallazgos tenian como objetivo proporcionar a los profesionales e
investigadores informacion valiosa sobre las fortalezas y limitaciones de los diferentes modelos de regresion
binomial negativa. Entendiendo el desempenio relativo de estos modelos a través de estudios de simulacion.

Palabras clave: Regresion Binomial Negativa; Método de Estimacion; Distribucion Binomial.
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INTRODUCTION

In the realm of statistical modeling, negative binomial regression has emerged as a powerful tool for analyzing
count data that exhibit over dispersion, where the variance exceeds the mean. This technique has found
widespread application in various fields, such as epidemiology, economics, and ecology, due to its flexibility in
accommodating the inherent characteristics of count-based datasets. While the negative binomial regression
model provides a valuable alternative to Poisson regression, which assumes equidispersion, the selection of
the appropriate regression model becomes crucial in ensuring accurate and reliable results. This research
aims to contribute to the existing body of knowledge by undertaking a comprehensive comparative analysis of
different negative binomial regression models through simulation studies. Simulation studies offer a controlled
environment where various factors, such as sample size, dispersion parameter, and covariate patterns, can be
systematically manipulated to evaluate the performance of statistical models. By simulating data that mimics
real-world scenarios, researchers can gain insights into the strengths and limitations of different modeling
approaches. In this fields many researches done such that showed Zero inflation indicates that the data set
includes a great number of zeros.’ Regression analysis is one of the generally applied statistical methods
in data analysis. Occasionally researchers can count more additional zeros than precise ones. Outrageous
zero may be defined as Zero-Inflation. Zero inflated data are numerous in many disciplines. In marketing,
econometrics, ecology, statistical quality control of the frequency of earthquakes, rainfall, etc., Data containing
existing zeros are particularly abundant. The zero-inflated Poisson (ZIP) and zero-inflated Negative Binomial
(ZINB) models in this article can be used to evaluate results. @ The research of® in (2023) that showed a
count dependent variable and a set of independent variables are commonly related using poison and Negative
Binomial Retrogression Models. Nevertheless, these models are unable to analyze data that has an excess
of bottoms; the models that match this type of data the best are the Zero-Inflated Poisson (ZIP) and Zero-
Inflated Negative Binomial (ZINB) models. Geographically Weighted Poisson Regression (GWPR), Geographically
Weighted Negative Binomial Regression (GWNBR), and Geographically Ladened Zero-Inflated Poisson Regression
(GWZIPR) have all been developed to incorporate the spatial dimension into the count data models. However,
in order to incorporate the over dispersion and excess of bottoms, as was the case on the morning of the
COVID-19 epidemic, some places in the negative binomial distribution are left uninhabited.® That showed that
the massive scale spatiotemporal data analysis is widely applied in several fields related to public health and
epidemiology. Research dealt with fitting zero-inflated negative binomial models using a Bayesian frame, and
we determine an effective Gibbs sample by using a collection of idle variables from Polya-gamma distributions.
The suggested model uses Gaussian process priors, which have the same simplicity and rigidity as a covariance
function for modeling nonlinear connections, to account for changing spatial and temporal arbitrary goods.
research adopt the nearest-neighbor GP technique, which uses original experts to estimate the covariance
matrix, to overcome the calculation tailback that general practitioners may experience with high sample sizes.
Research uses several settings with different spatial locality sizes for the simulation study in order to calculate
the effectiveness.® As to bridge the gap in this study, we will estimate the parameters of the zero-inflated
regression model suffers from inaccuracy in some cases in which we rely on an estimation method that does
not take into account special cases and in which estimates are presented that deviate from the true values.

Research Significance

Negative binomial regression plays a crucial role in count data analysis due to Addressing Over dispersion
where the variance of count data exceeds its mean, is a common issue in real-world data. Poisson regression
assumes equality between the mean and variance of count data, resulting in subpar model performance when
this assumption is violated. Negative binomial regression introduces an additional parameter to address over
dispersion, leading to a more accurate fit for over dispersed data.

Research Objectives

This paper aims to conduct a comparative analysis of Maximum Likelihood Estimation (MLE), Method of
Moments (MOM), and Shrinkage Estimators in the context of negative binomial regression through advanced
simulation studies. The primary objective is to evaluate and discuss the performance, accuracy, and robustness
of these estimation methods under diverse conditions of over dispersed count data. By systematically comparing
the three estimation approaches, our goal is to provide a nuanced understanding of their relative strengths and
weaknesses, considering factors such as sample size, predictor variables, and dispersion parameters.

Research Hypotheses
To achieve the research objectives, the researchers formulated the following three null hypotheses:
1. The estimation method for negative binomial regression model estimators is affected with inflation
parameter.
2. To achieve the research objectives, the researcher formulated the following three null hypotheses:
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¢ The estimation method for negative binomial regression model estimators is affected with
inflation parameter.

¢ The estimation method for negative binomial regression model estimators is affected with
initial parameter value.

¢ The estimation method for negative binomial regression model estimators is affected with
sample size).

Theoretical Framework
Assumption of Data Generation Process

Limitation: the simulated data is created based on specific assumptions that may not accurately capture the
complexities of real-world data.

Impact: the results obtained from simulations may not be fully applicable to actual datasets with different
underlying distributions or data generation processes.

Parameter Specification

Limitation: the selection of parameters (e.g., over dispersion parameter) for generating simulated data can
impact the results.

Impact: certain parameter choices could lead to outcomes that are not universally valid for all count data
scenarios.

Model Complexity and Computational Cost

Limitation: more intricate models, like zero-inflated negative binomial models, can be computationally
demanding.

Impact: the high computational cost might restrict the number of simulations or the complexity of models
that can be practically assessed.

Finite Sample Sizes

Limitation: simulations are typically conducted on finite sample sizes, which may not fully represent the
model behavior in larger datasets.

Impact: conclusions drawn from simulations with small sample sizes may not be generalizable to larger
datasets, potentially impacting the reliability of findings.

Negative Binomial Distribution

The negative binomial distribution is a probability distribution that generalizes the geometric distribution. It
models the number of trials demanded for a specified number of successes to do in a sequence of independent
and identically distributed Bernoulli trials.®

In the negative binomial distribution, the arbitrary variable X represents the number of trials demanded to
gain r successes, where each trial has a probability p of success. The probability mass function (PMF) of the
negative binomial distribution is given by He et al.®.

P(X=k)=CkLP (1-P)T (1)

(k) is the number of trials needed to achieve r successes.

(P) represent probability for single trial with success.

(C(M)‘k'” representing the number of ways to arrange (r-1) successes in the first (k-1) trials.

Mean of distribution is (u), variance of distribution is (0?) for negative binomial distribution are given by:

_r )
u—p(l | (2)
, _rll—p

0" = pz (3)

It is important to mention that the negative binomial distribution is frequently employed to represent the
number of failures before a specific number of successes in scenarios like waiting for the success in a series
of Bernoulli trials. This distribution is applied in various fields, including probability theory, statistics, and
actuarial science, to model scenarios where the timing of events is uncertain.
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Figure 1. The Probability mass function for negative binomial distribution®

Negative Binomial Regression

Negative binomial regression is a type of regression analysis used when the dependent variable in a model
is a count variable that follows a negative binomial distribution. This regression model is particularly suitable
for situations where the data exhibit over dispersion, meaning the variance is greater than would be expected
under a Poisson distribution. The negative binomial regression is an extension of the Poisson regression model,
which is commonly used for count data. The Poisson distribution assumes that mean variance of the facts is
same, which might not be the case in lots of real-international scenarios. Negative binomial regression relaxes
this assumption through permitting the variance to be greater than the suggestion, providing a greater bendy
version for count records.”

A logarithmic link function is used in negative binomial regression to simulate the relationship between the
mean of the dependent variable and the independent variables. To represent the distribution of the dependent
variable, one uses the probability mass function (PMF) of the negative binomial distribution. General negative
binomial regression equation is:®

Ln(u) = By + B1x1 + -+ BrXy (4)

Ln(p)the natural logarithm of mean of dependent variable, B, B,,...8, are the coefficients to be estimated,
(x,,.x,) are the independent variables.

Zero-Inflated Negative Binomial Model

A statistical model that incorporates components of the excess zero probability and the negative binomial
distribution is called a Zero-Inflated Negative Binomial (ZINB) model. When there is an excess of zeros, or a
disproportionate number of observations with zero counts, it is frequently used to examine count data.

In certain datasets, a substantial number of observations may have a count of zero due to a different process
than the one generating the non-zero counts. The ZINB model accommodates this by having two components:

it deals with the excess zeros. It assumes that there are two processes contributing to the zero counts, a
process that generates true zeros (structural zeros) and another process that may produce additional zeros
(due to excessive zeros). This is typically modeled using a binary outcome variable indicating whether a count
is zero or not.

This part models the non-zero counts and is similar to the negative binomial regression. It assumes that the
non-zero counts follow a negative binomial distribution, similar to the Negative Binomial Regression model.

Let us propose that for each observation there are two possible states for the value that the hypothesized
variable can take. Let us assume that in state (1), which is possible for the result to occur, the result is zero,
and in state (2), which means that the first state will not occur.

Assuming that the chance of the first case happening is (1), and the chances of the second case occurring is
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complementary to the probability of the first possibility is(1-m)
Probability distribution function of the variable (x,) will be:

B=)D={m+Q-m)g(x;=0) if j=0Q1-m)glx) if j>0 (5)

So that (m) represents the logistic link function, (g(y,)) is negative binomial distribution function and (p) is
average of the counting operations,
the zero-inflated regression variable (x, a) is the parameter by which the counting is done for the zero-

inflated operations, which is:

90i) =P (Y - %.a) B F(];Ejii):(zi_:—)l) (1 +1a‘u1-)_ (1 -U:LZul-)yi (6)

The above equation assumes the logistic link function. The components of a negative binomial can include
time (t) and a set of variables bearing (k) features, and then the variables (Xk) are variables that are defined
according to the following relationship:

p; = eWnltdthixyitfoxaitfaxsit+Frxriy (7)

ﬂr"_1+/1l- (®)

2 = e@n(t)+y1zii+v2z2ityazsit+YiZki (9)
eLn t+y1z1+...

m= 1+ eLn t+y121+.. (10)

It is the logistic function, with probability that the event will occur, Probability that the event will not occur
is (1-m) event is:

) _1+i-2 "
Z_ 1+1 (1)
ey (12
A 1+
1—n_(1+/1)( 1
1= eLn t+y1Z1+yY222 4. (13)

n
In = (m) =Inl=Lnt+ Y121 t Y23+

(14)

T
Vive...vn |= (52)‘1£Ln1

Estimation Methods

Statistical estimation methods play a pivotal role in extracting valuable information from data, enabling
researchers to make inferences about underlying population parameters. Many statistical estimation methods
can be used such the followings. In (MLE) parameters of the proposed model are estimated by the maximum
likelihood function has divided the maximum likelihood into (4) parts, as follows:

L=L +L,+L;—L, (15)

The previous equation included (4) parts, which represents the logarithm of the Maximum likelihood. The
division into (4) parts was used to facilitate taking the partial derivatives, so that each part could include one
or more parameters, which facilitates taking. It is partial derivatives. as is known, the derivative of the sum of
two functions is equal to the sum of their partial derivatives.

Where:
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L= Z EHnld + (1 + ap)™] (16)
{ryi=0}

L, = Z §:::§Zs:::zm[j+a-1] (17)
{Lyi>0}  j=0

Ly = z Ci—Inly 1 - [y + @ Yn(1 + apy) + yiln(a) + yiln(y;)  (18)
{i;yi>0}
L, = Z [l + A (19)

The partial derivatives of the previous maximum potential function with respect to B=p, will be:

(1 + apg) o N —_
pill + ap) _a—1]XiT+ Z [M]Xi,, (20)
A+ (L4 apy) ey A aw)

oL Z
o i;yi=0}

r=1,2,..,k
Just as the derivation of the maximum likelihood function with respect to (y=A) will be:

oL _ \" -~ : A 7.+ z [ A; ]X (21)
W ey (1 ta pm@ [T L L 20T
r=1,2,..,m
ii i yi—1
a_L _ Z [ (1 + a“i)Ln(l + anui) — Qi ] {Z [ ~1 ] +1In [(1 + a#i)] + [ Yi ~ Hi ]} (22)
- faad 2 . . e 1 Lk faad 2: 2 ]

da oty e (L + ap) [4:(1 + ap) @ +1] e, & dita a2 | a1+ ay)
The maximum likelihood estimators will be:
Z; =1420(r +j) (23)

n i eﬂ(l—zj)(l—y(l—zj))

= | o)L et qyi

L(T', )Lr 19! Y (JJ) - l_[ Ft [I (xi-=0][1'( x;>0) [(1 m)cxi Bt CJ ( 1) 7 ]] (24)

L . j

i=1 j=0

Log(L)=L(r,A,9,Y,w)

n X,

i s 91(1—2;)(1—“1_21))
ZCJ (-1)/ e @)

J=0 J

gd(l—zj-)(l—y(l—Zf))
In(l) = ) il =g Log (@+ (1 - w) B —
j

=1

+ o) [Log(l —w)+Log(r+x, — 1)! = Log(r —1)! — Log(x;") + Lag(

A(1-2;) — - .
(km)(ﬁezg ), @ r(1 ZZJJ))(AZJ +1)
il
+I,\‘ > rx;) T P +
LA2(1r(1-2) R R xi %
w+(1- w)izj E'}':D Tieti(-1))

o 3 e/l(l—Z}-)(l—y(l—Zj))
E}:O g (—1)IW(T

E,,1(1—21)(1—}1(1—4-))
Z

A, A,0,y,0) N\
— Z i [0

=1

(26)
Such that:

r'ck)
Py = —F(k)
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¢ o e (12 7) 2
N(r,4,8,7,0) .. - w)eZ_j Zjot G (-1 %(1 ~ )
— = Z [I(xizﬂ) 0 + I(xj>0)( 7))
i- w+(1—w)e yH rieFi(1)i g ! (1 —y(1- Z))
1 7; im0 i G Z ¥ ;
re*(1-7)) P .9 eAli-z))
AT, 24,0,7,0) O .. (- 75 1—y(1-2)2z; LG ) g (- v(1-z)
_ = Z ok [1(r -0 - )+ I(x ‘>D)(
ad . i LU w) ﬂ Z j Y ot eMi-zj)
=1 w Z D (1-v(1-2))
¢ Xi v Xi J
aaore) o 079lz) o ELEGCNEET0-2)
5 = Z bt =) T (e¢) i) T )
=1 o+ (1-w) {7 YL (= (1-v(1-2))

It can be noted that the five derivatives cannot be solved by direct methods (substitution) to find the
estimators, so we resort to iterative numerical methods (Newton-Raphson method) to find these estimators.

e¢
1 — ==
Al(r, 1,9,y w) Z” (Z) 140
—aw = . [I(xi=0) J e(p) — 1(x1_>0) (—1 — a))] (30)

According to this method, the estimates can be obtained by equating the expectations for the distribution
with the sample moments and according to the sequence of relationships that connect them, and because there
are five parameters that must be estimated, so the first five expectations are adopted as follows, (6). That is
the first moment.

Moment Estimation Moment

(1-ya-0)ett=0 1)

E(X):(l—w)"*( :

(31

The second moment

(32)

E(X?) =(1- )« ((TZ + -y A =~ 9)e’ —@2rt+n(-yQ —C))e“mw)

¢

The third moment
34+3r2 +2r)(1—y(1—9))e’t-9
B0 = (1 - oy (32 —_ e
(3r3+6r2 +3r)(1—y(1 - ))er1=0
¢

+7r3 (33)

The 4" moment

(r*+6r° +11r2 + 6r)(1 —y(1 — k))e ™0 (4r* +18r° + 26r? + 12r)(1 — y(1 — 9))e 79
k 9

6rt+ 613 +4r2 +r)(1 —y(1 = ))et@=0

e )C( y(1-9) + ?_4) (34)

E(X%) = (1— a})(

The 5% moment

E5) = (1 )((r5 +10r* + 3573 + 5072 + 24r) (1 — y(1 — w))el™9)  (5r5 + 40r* + 11572 + 14072 + 60r) (1 — y(1 — k))e?(17%)
= — w —_

® k
(107° + 60r* + 135r% + 135r2 + 50r)(1 — y(1 — §) )t N (57° + 10r* + 10r° + 512 + r)(1 —y(1 - {))e’@ D
§ ¢
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§=V1i-2P0 (37)
0=v1-3P0 (38)
k=v1i—4P0 (39)
r=v1-5P0  (40)
PO =20
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The five moments of the sample are respectively:

n o1

j— N x
m, = E(X) = %

m, =E(X?) = Toq b x]?
my = E(X?) = Zjoalix)
m, = E(X*) = joahixhy
mg = E(X5) = =y tix’

Shrinkage Estimation Method

(41)
(42)
(43)
(44)

(45)

This method depends on reconciling more than one estimation method according to a formula based on
the maximum benefit from their benefits and the maximum exclusion of the negatives that may be included in
each individual estimator, according to the approved estimation method. This method is based on the following

general formula.?

8;=pb, + (1 —p)b, (46)

Where:

(p) represents the coefficient of contraction, which must initially be determined to be as small as possible.

(87,) represents the estimator according to the downscaling method.

(87,,6%,) represent the estimates of the two methods adopted in the reduction. The reduced estimator can
be calculated according to the following steps.

The beginning

Assuming an initial value for the shrinkage parameter (p) and choosing the one closest to zero.

Calculating a new value for the shrinkage parameter according to the increment that is the lowest.

Prnew = Poid +E (47)

So that (€) represents the amount of increase.
Calculate the value of the initial estimator of contraction according to the following:

ginatml = Poud é1 +(1—pog )92 (48)

Calculating the shrinkage estimator:

énew = Pnew él + (1 — Prew )92

(49)

Calculate the absolute difference (g) to be:

https://doi.org/10.56294/sctconf2024.1127
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€= Hnew - Qinatial (50)
Where:
£ > sig.levie (5D

Then the initial estimated parameter is made equal to the new estimated parameter:

& [ 911ew (52)

inatia
Return to step number (3):
£ <sig. levie (53)
Bintiar = Bnew & Dintiat = Prew) 03 = Poptima191 + (1 - poptimal)gz (54)

Comparing criteria
In estimators the comparing criteria with the following formula: "

(19, — 91) (55)
§ = MIN(9) (56)

With: (& represent Minimum absolute deference)
The mean square error will be:

(57)

The Simulation Experiments

It contains simulation experiments that were run with a predetermined sample size n and the goal of producing
a negative binomial distribution, a specified zero inflation parameter (p), and a specified second parameter (B).
The simulation experiments were represented according to the following data (inflation parameter (p=0,1, 0,5,
0,8) second parameter (B=1,2,3) sample size (n=20,50,100). It was also included applying each of the following
estimation methods (11):

(MLE) represent Maximum likelihood Estimation.

(MOM) represent Moment’s estimation method.

(SEM) represent Shrinkage estimation method.

RESULTS AND DISCUSSIONS

After carrying out the simulation experiments in accordance with the previous conditions and data, the
following results was showed:

Table 1. The estimators’ values for () with various simulation parameters

B p n  ME  MOM SEM_ P, . OPuu 9P, 5,  Best
1 0,1 20 0,168961 0,194794 0,142498 0,068961 0,094794 0,042498 0,042498 3
1 01 50 0,103053 0,10886 0,117193 0,003053 0,00886 0,017193 0,003053 1
1 041 100 0,109007 0,109623 0,100044 0,009007 0,009623 4,39E-05 4,39E-05 3
2 05 20 0536971 0,579904 0,560116 0,036971 0,079904 0,060116 0,036971 1
2 05 50 0516815 0,513078 0,500228 0,016815 0,013078 0,000228 0,000228 3
2 0,5 100 0,500454 0,502767 0,503179 0,000454 0,002767 0,003179 0,000454 1
3 08 20 0,807933 0,849636 0,868552 0,007933 0,049636 0,068552 0,007933 1
3 08 50 0,808105 0,811389 0,81719 0,008105 0,011389 0,01719 0,008105 1
3 08 100 0,80226 0,807264 0,804368 0,00226 0,007264 0,004368 0,00226 1
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Figure 2. The absolute deference for (p) estimators with various simulation parameters
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Figure 3. Minimum absolute deference for (p) estimators with various simulation parameters

=}

Comparing the results showed that the lower value is due to the experiment with (p=0,1,n=100,8=1) with
(6,=4,39E-05 ) and the value of the estimator is (p=0,100044) for the third estimation method (Shrinkage).
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Figure 4. The absolute deference for (8) estimators with various simulation parameters
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Figure 5. Minimum absolute deference for (8) estimators with various simulation parameters

Comparing the results showed that the lower value is due to the experiment with (p=0,1,n=20,8=1) with
(64=0,805206 ) and the value of the estimator is (8=0,1406) for the second estimation method (Moment).
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Figure 6. Minimum mean square error for (p) estimators with various simulation parameters

Comparing the results showed that the lower value is due to the experiment with (p=0,8,n=100,8=3) with
(MSE_=0,008662 ) for the first estimation method (MLE).

2.5

\

0.5

9 8 7 6 5 4 3 2 1

Figure 7. Minimum mean square error for (8) estimators with various simulation parameters

Comparing the results showed that the lower value is due to the experiment with (p=0,1,n=100,8=1) with
(MSE_=0,806141) for the first estimation method (MOM).
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As such, it is essential to acknowledge the limitations of research when studying and comparing various
negative binomial regression models through simulations. Here are some potential constraints to consider:

CONCLUSIONS

The simulation experiments revealed that the sample size, initial parameter values, and the estimation
method influenced the estimators, resulting in varying superiority rates for each estimation method. For
instance, the percentage for MLE was 70 %, for MOM it was 30 %, and for SEM it was 0 % for the minimum
absolute deference criteria and the () estimator. For MLE, the percentage was 12 %, for MOM it was 44 %, and
for SEM it was 44 % for the minimum absolute deference criteria and the () estimator. For MLE, the percentage
was (67 %), for MOM, the percentage was (42 %), and for SEM, the percentage was (33 %) for mean square error
criteria and (11 %) estimator. For MLE, the percentage was (11 %), for MOM, the percentage was (56 %), and for
SEM, the percentage was (33 %) for mean square error criteria and (32) estimator.
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